The QCD sum rule method is formulated for the strangeness +1 pentaquark baryon with isospin I = 0 and spin-parity J π = 3 2
I. INTRODUCTION
After an earlier prediction by the chiral soliton model [1] , the first positive experimental evidence of Θ + (1540) was announced in 2003 by the LEPS collaboration [2] . Carrying baryon number B = +1 and strangeness S = +1, it must be a flavor exotic state and its minimal quark content is uudds. After the first discovery, numerous theoretical and experimental papers on this pentaquark state have been published and the field of hadron spectroscopy has been strongly stimulated by these studies. Nevertheless, the question of the existence of Θ + is still a heavily disputed issue [3, 4, 5, 6, 7, 8, 9] . After reanalyzing the data with higher statistics, the LEPS group has recently again announced the observation of a significant peak [10] , confirming their earlier results, which is a promising sign for further studies of Θ + . There have been many attempts to investigate Θ + based on approaches closely connected to QCD such as lattice QCD [11, 12, 13, 14, 15, 16] and QCD sum rules [17, 18, 19, 20, 21, 22, 23, 24, 25, 26, 27] , but the situation does not seem to be completely clear yet, as, for example, no consensus has so far been reached on the spin and parity quantum numbers of Θ + . Explaining the structure of Θ + from the first principles of QCD will help to deepen our understanding of hadrons in general and particularly of their exotic members.
An especially peculiar property of Θ + is its unnaturally narrow width. Even though its mass lies about 100 MeV above the KN threshold, the observed width appears to be much smaller than for typical baryon resonances. In Ref. [4] it was reported to be even less than 1 MeV. Several mechanisms have been proposed to explain this narrow width: the strongly correlated diquark model [28, 29] , the πKN bound state picture [30, 31, 32] , the possible isospin I = 2 quantum number [33] and the possibility of two nearly degenerate pentaquarks [34] . Even though all these propositions may be able to explain some properties of Θ + , they are not yet completely satisfactory. In this paper, we concentrate on another explanation, which is the possible spin quantum number J = 3 2 [15, 16, 24, 25, 29, 35] . This spin configuration may provide us with a natural interpretation of the narrow width, since in the case of negative parity ( 3 2 − ) the only allowed decay is a KN D-wave, which due to the centrifugal barrier is strongly suppressed. Additionally, from the small wave function overlap further suppression of the decay can be expected. In the case of positive parity ( 3 2 + ), the KN decay by the P-wave is allowed and the suppression of the width is moderate. Thus other mechanisms for explaining the narrow width may have to be considered.
The main purpose of this work is to investigate Θ + states with quantum numbers J P = 3 2 ± , using the QCD sum rule approach [36, 37] . There already exist some studies of this problem, in which a similar method was used [24, 25] , but these works most probably suffer from poor convergence of the operator product expansion (OPE) and from the contamination of the continuum contribution in the sum rule. To avoid these problems, we employ a method, which was first proposed by Kojo, Hayashigaki and Jido [27] and is especially useful for calculations of exotic states with more than three quarks. In this method, instead of the usual single correlator, the difference of two independent correlators is used to construct the sum rule. We find that this procedure provides a strong suppression of the continuum contribution of the sum rules. Moreover, to make sure that the OPE converges sufficiently well, we calculate the OPE up to dimension 14.
The paper is organized as follows. In section II, we briefly review the basic ideas of the QCD sum rule approach and explain the recently introduced improvement of the QCD sum rule method, by which the reliability of our results is increased substantially. In section III, the results of the pentaquark mass calculated from the sum rules are presented. We also study the parity of the obtained pentaquark using the parity projected sum rule in the chiral limit. Finally the conclusion is given in section IV.
II. FORMULATION
A. QCD sum rules for spin-3/2 particles
In this section, the basic concepts of the QCD sum rules for spin-3/2 particles are briefly reviewed. Furthermore, approximations and conventions used in the calculation are stated.
QCD sum rules fully exploit the analytic properties of the two point correlation function,
Here η µ is a Rarita-Schwinger-type interpolating field of a pentaquark, generally carrying components with spin J = . It is a local operator constructed from the quark degrees of freedom to have the appropriate quantum numbers of the state under investigation. The imaginary part of Π µν (q) can be expressed as a sum of all hadronic states which couple to the field η µ ,
The Lorentz structure of contributions of J P = 3 2 states |n generated by the Rarita-Schwinger field can be obtained as
where | ± (for details see [38] ). Therefore to project the spin-3 2 states out, it is sufficient to just consider the g µν -terms to construct the sum rules,
Π 1 (q 2 ) (the chiral even part) and Π 2 (q 2 ) (the chiral odd part) give two independent sum rules, from which we calculate the mass of the state under investigation. As both should in principle lead to the same result, either one of them or their combination can be used to carry out the calculation.
In order to extract physical quantities from the correlation function, we employ the following dispersion relation, which reflects the analyticity of Eq.(1):
for i = 1, 2. Possible subtraction terms are neglected here, because they will vanish when the Borel transformation is applied. Following the standard technique of QCD sum rules [36, 37] , we utilize the "pole + continuum" ansatz for the imaginary part of the correlator in Eqs. (2) and (5):
Here Π OP E (s) stands for the correlation function calculated with the OPE. It is generally not evident if this ansatz accurately parametrizes the low-energy part of the spectral function. Nevertheless, in the case of Θ + , the current positive experimental results indicate that the width of the ground state is very narrow, which allows us to express the ground state pole with a δ-function. Furthermore, we can expect that because of the suppression due to the centrifugal barrier, the contamination by the KN scattering states is small.
In order to suppress the higher-order terms of the OPE and the continuum part of the spectral function, we make use of the Borel transformation. It is defined as
where M is the Borel mass. The result of the OPE for the chiral even part can generally be expressed as
where the parameters C i contain vacuum condensates and numerical factors. Substituting Eqs. (6) and (8) into Eq. (5), and applying the Borel transformation, we obtain the following expression
From the last equation m Θ + is then easily obtained:
In the ideal case, this expression should not depend on the Borel mass M , and its dependence on the threshold parameter s th should be weak. As will be shown later, in the actual calculations we apply this method to the difference of two correlators. Therefore, we will not use a single correlator as in Eq. (8), but the expression corresponding to Eq.(17).
B. The importance of the Borel window and its realization
It is important to assure the reliability of the sum rule by examining the validity of each approximation in the actual calculation. Two critical conditions are studied in order. First, the OPE has to be truncated at a certain order and its convergence is to be checked. We set the condition so that the contribution of the highest dimensional term is less than 10 % of all the OPE terms,
The condition is generally satisfied in a restricted region of the Borel mass M . As the higher dimensional terms get relatively smaller for larger M , this condition will set a lower limit for the Borel mass below which the OPE convergence is not guaranteed. The second condition is to suppress the irrelevant high energy contribution above s th . We take the condition that the pole contribution is dominant (> 50 %) in the sum rule so that unknown contributions from the continuum states do not contaminate the result,
This condition tends to be valid generally at a small Borel mass. Thus the condition will set an upper bound for M . The above two conditions often contradict with each other and a valid Borel mass region satisfying both, called a Borel window, may not be obtained. In such a case, the sum rule does not give reliable predictions. If the two conditions are satisfied simultaneously and thus a valid Borel window is available, the physical quantities can be reliably evaluated.
However, in the case of most of the QCD sum rule calculations of pentaquark states so far, the two conditions, Eqs. (11) and (12) have not been thoroughly checked, and no valid Borel window has been established [26] . Furthermore, as has recently been pointed out in [39] , it is not enough just to obtain a stable Borel curve for the physical quantities, as such a stability could be produced due to a pseudopeak artifact caused by an inappropriate threshold cut of the spectral function. The reason for the difficulty of setting up a Borel window is first that the convergence of the OPE expansion for a correlator of an interpolating field containing five quarks is considerably slower than in the cases of interpolating fields containing only two or three quarks. This makes it necessary to calculate the OPE up to much higher orders than in the case of nonexotic hadrons. The second reason is the high dimension of the interpolating field of a pentaquark, which causes the continuum part of the spectral function to be enhanced. Because of this enhancement, it has been very difficult to obtain a sufficiently high pole contribution.
A solution to this problem was proposed by Kojo et al. [27] in their study of Θ + with spin 1 2 . There they made use of the chiral properties of two independent interpolating fields and considered, instead of one single correlator, the difference between two correlators of different interpolating fields. By this procedure, in analogy to the Weinberg spectral function sum rule [40] , they realized a strong suppression of the leading orders of the OPE, which mainly contribute to the continuum part, and thus obtained a relatively large pole contribution.
We will follow the same lines of reasoning and consider two independent interpolating fields carrying the same quantum numbers [11] ,
Here, a, b, . . . are color indices, C is the charge conjugation matrix and T indicates the transposition operation. These fields both carry isospin I = 0 and have positive intrinsic parity. They are constructed from a scalar diquark, a vector diquark and an anti-strange quark operator in the case of η 1,µ and from a pseudo-scalar diquark, a vector diquark and an anti-strange quark operator in the case of η 2,µ , to which an additional γ 5 is added to adjust the parity.
A more general operator can be obtained by adopting a linear combination of η 1,µ and η 2,µ :
Defining the correlator calculated with this general interpolating field as
we consider the difference of two independent correlators
and construct the sum rules for this new function Π D (q 2 ). Here, η i η j denotes the relevant part of the correlation function defined in the same way as Eqs. (1) and (4) 
It is worth making a few comments on the chiral properties of the interpolating fields. In fact, the sum and the difference of η 1,µ and η 2,µ belong to specific chiral multiplets, as is shown below:
Here, the color indices have been omitted for simplicity. Eq. (18) indicates that ξ 1,µ belongs to the (3, 15)⊕(15, 3) multiplet with 4(1) right handed and 1(4) left handed quarks, and ξ 2,µ to the (8, 8) multiplet with 3(2) right handed and 2(3) left handed quarks. These properties will become important when the difference of the correlators is taken.
This can be illustrated by expressing Eq.(17) in terms of ξ 1,µ and ξ 2,µ , which gives
In the second term of this equation both ξ 1 ξ 2 and ξ 2 ξ 1 vanish in the high energy limit, where the chiral symmetry is restored. This limit corresponds to the leading perturbative term in the OPE, which should therefore similarly cancel. On the other hand, it can be understood that the leading orders of the first term proportional to [ ξ 1 ξ 1 − ξ 2 ξ 2 ] also cancel when an appropriate normalization of ξ 1 and ξ 2 is chosen. That is why we expect the leading orders of Π D (q 2 ) to be suppressed and thus to reach a large value for the pole ratio. As will be shown in the next section, this is in fact the case and we are able to realize a valid Borel window, when the OPE is calculated up to sufficiently high orders. Therefore, it is possible to obtain reliable results with the QCD sum rule technique even for a calculation with an interpolating field containing five quarks.
III. RESULTS

A. Sum rule for calculating the pentaquark mass
We obtain the following result for the OPE of the chiral even part, in terms of the parameters C i of Eq. (17) . Note, that we here also use θ 1 − θ 2 = π 2 and φ = θ 1 + θ 2 . . The values of the condensates and the strange quark mass are given in Table I .
The coefficient of the leading term, C 0 , vanishes as we have discussed in the previous section, and the lowest nonvanishing term contains a dimension 4 condensate. The OPE is calculated up to terms with dimension 14 and the conventional vacuum saturation approximation has been assumed.
We have searched all possible values of φ for a region where a valid Borel window exists and have found such a region around φ ∼ 0. From Eq. (19) , it is understood that this region corresponds to the ( ξ 1 ξ 1 − ξ 2 ξ 2 ) component, which interestingly seems to couple strongly to the Θ + resonance. This also means that the cancellation of the leading term is mainly caused by the appropriate choice of the normalization of the operators ξ 1 and ξ 2 , rather than by the restored chiral symmetry. To evaluate the final value of φ, and also to obtain the best value of s th , the following conditions are adopted:
1) A sufficiently wide Borel window exists.
2) m Θ + (M, s th ) only depends weakly on the Borel mass M and on the threshold parameter s th .
The values of φ and s th that best satisfy 1) and 2) have turned out to be φ = 0.063 and √ s th = 2.0 GeV. We will use these values throughout our calculation. It should be noted that the threshold parameter s th is chosen to make the sum rule work appropriately, which is not necessarily related to the physical continuum threshold or properties of higher resonances. First, to demonstrate that the OPE shows a convergent behaviour, the fraction of the highest order terms compared with all the OPE-terms is plotted in Fig. 1 as a function of the Borel mass. One sees that the convergence is satisfactory for M > ∼ 1.3 GeV. Additionally, Fig.  2 shows the contributions from the different dimensions to the expression corresponding to the right hand side of Eq. (9) . It is seen that the terms with dimension 8 have significant contributions to the result. This is an important observation, as the dimension 8 terms have not been included in most previous QCD sum rule calculations of pentaquarks.
Next, the value of the pole contribution in Eq. (12) is shown in Fig. 3 . As can be read off from the graph the pole contribution is larger than 50 % for M < ∼ 1.4 GeV. The procedure of taking the difference of two correlators in Eq.(17) has made it possible to obtain such a high value. Altogether, we have achieved a valid Borel window for 1.3 GeV < ∼ M < ∼ 1.4 GeV. This Borel window is marked by arrows in Fig. 4 , where m Θ + (M, s th ) is plotted as a function of M for three different threshold parameters. One sees that the Borel mass dependence of m Θ + (M, s th ) is weak. Moreover, when the threshold parameter s th is varied, this only causes a small shift of the mass, which is much smaller than the change of s th . These are crucial findings, as they provide convincing support for the "pole + continuum" hypothesis for the spectral function. The result would in fact not depend on M and s th at all if this hypothesis would be completely valid.
At the same time, the results of the last paragraph also provide evidence that we are observing an isolated and genuine pentaquark state and not a possible KN scattering state, because in the case of a scattering state the dependence of the mass on both M and s th are expected to be stronger. The reason for this is the following: if the spectral function contains significant KN scattering states, it is natural to expect a rising curve for the mass m Θ + (M, s th ) as the Borel mass increases, because the function m Θ + (M, s th ) corresponds to the integrated average of the spectral function from s = 0 to s = s th with the Borel weight e −s/M 2 . Our result does not show such behaviour. Furthermore, an increase of s th should lead to a shift of m Θ + (M, s th ) of similar magnitude if the spectral function contains a large KN background which continues into the high energy region. Such a shift is not seen in Figs. 4 or 6 .
A further argument in this matter can be made from the dependence of the result on the quark condensate. The dependence of our result onis in fact quite small, a change of its value within the error bar just gives a change of the mass value of maximal 20 MeV. The mass value actually slightly decreases when the value ofis increased. In the case of a KN scattering state, we would expect an opposite and stronger dependence on, originating from the dependence of the nucleon mass on the quark condensate [42] . This all suggests that the sum rule is working well, and that the calculated results are reliable.
As an additional check of the consistency of the sum rules, we calculate the residue |λ 1 | 2 , which can be obtained from Eqs. (9) and (10) . As for the mass, m Θ + , it should not strongly depend on the Borel mass M or the threshold parameter s th . The result is given in Fig. 5 . It is seen that the stability of |λ 1 | 2 against M is reasonably well and the dependence on s th is moderate.
We finally obtain m Θ + = 1.4 ± 0.2 GeV for the pentaquark mass, which is consistent with the experimental value, although the calculated value is somewhat smaller and the theoretical uncertainties expressed as the error bar are large. These uncertainties mainly originate from the possible range of the condensates, but also from the breaking parameter κ of the vacuum saturation approximation (explained in the next paragraph), and finally from the small dependence of the result on s th . In fact, while the dependence of the result on the quark and gluon condensates is very weak, m Θ + significantly depends on the value of the mixed condensate. To be more quantitative, changing the value of qgσ·Gfrom 0.8 GeV 2 to 0.9 GeV 2 leads an increase of the mass of about 100 MeV. One last aspect that needs careful consideration is the possible breaking of the vacuum saturation approximation that we have used throughout our calculation. As a test of the validity of this approximation, we have introduced the parameter κ, which parametrizes the possible violation of factorization,
. . .
We have found a mild dependence of the final result on κ. In fact, while varying κ in the region of 1 ∼ 2, the resultant change in the mass of Θ + was less than 100 MeV. At the same time, the Borel window does not disappear and the conditions for reliable sum rules remain to be satisfied. This indicates that the uncertainty introduced by the vacuum saturation approximation is small enough not to change the result qualitatively.
Adding up the main contributions of uncertainty, the dependences on s th , qgσ·Gand κ, we can conservatively estimate the error bar to be ±0.2 GeV.
We have also investigated the SU (3) f limit (m s = 0,= ss , . . . ) to examine the degree of change of the results when this limit is taken. Our calculations show that the results are in fact quite stable and have qualitatively the same behaviour as when the SU (3) f breaking terms are taken into account. The mass m Θ + (M, s th ), for example, decreases only about 50 MeV in the SU (3) f limit. This observation will become important in the next section.
B. Determination of the parity
To determine the parity of the obtained state, we employ the parity-projected sum rule [43] . The retarded Green function is considered in the rest frame:
It can be shown that two independent sum rules are derived in a similar way as in the chiral even case. From these sum rules the mass of the ground state with positive and negative parity can be obtained:
Therefore, in addition to the chiral even part, the results of the OPE of the chiral odd part are needed here as well.
However, the OPE of Π R 2 (q 0 ) turns out to contain some ambiguous terms proportional to the strange quark mass m s , which are attributed to the infrared divergence in the perturbative treatment of m s [44] . Here, in order to avoid these ambiguities, we consider Π R 2 (q 0 ) only in the chiral limit m s = 0. As seen in the last section, the results of the calculations of the chiral even part did not qualitatively change when this limit was taken. Therefore we can expect the parity-projected sum rule to behave similarly and thus can unambiguously determine the parity of the obtained state.
The result of the OPE of Π and the results are given in the chiral limit. 
), for details see [43] . In Fig. 6 , we show the plot of the 3 2 + pentaquark mass with a valid Borel window 1.0 GeV < ∼ M < ∼ 1.3 GeV. The obtained mass is consistent but slightly smaller than the one of the chiral even sum rule, probably because we take the chiral limit in the parity-projected sum rule. In contrast, we can not find any valid Borel window with a stable Borel mass curve in the negative parity case. We have also checked the relative sign of the residues, independently calculated from the chiral even and chiral odd part, as these residues should have the same signs for positive and opposite signs for negative parity states. Both residues turned out to be positive with qualitatively comparable values. These results all suggest that the present sum rule predicts a positive parity pentaquark.
IV. CONCLUSION
We have studied the possibility of the quantum numbers of J P = 3 2
± for the exotic pentaquark Θ + , using the QCD sum rule method. We have obtained a strong suppression of the continuum contribution by constructing the sum rules from the difference of two independent correlators. Furthermore, we have calculated the OPE up to terms with dimension 14, which is necessary because of the slow convergence of the OPE of five-quark operators and also to increase the components strongly correlated to the ground state. We have confirmed previous findings [26, 27] that without these technical improvements, studies of exotic states with five (or more) quarks may not accomplish meaningful results with the QCD sum rule technique.
One important conclusion of the present work is the confirmation of IJ P = 0 From the parity-projected sum rule at the chiral limit, we conclude that the parity of the observed state is positive. In contrast, we do not find any narrow pole below 2.0 GeV in the negative parity channel, nor any valid Borel window.
Although the uncertainty of the obtained mass is somewhat large, the present result obtained from the QCD sum rules is consistent with the experimental observation by the LEPS group and thus suggests that the Θ + pentaquark may have spin 3 2 . Our conclusions agree with certain earlier quenched lattice results for spin 3 2 [16] . Nevertheless, these results are not confirmed by other lattice calculations and no consistent picture has yet emerged. Furthermore, the problem of isolating the pentaquark from the scattering states on the lattice seems to be a challenging problem. From the point of view of explaining the narrow width of Θ + , our results are not yet conclusive. In other words, the mechanisms for explaining the narrow width still have to be clarified and this problem certainly needs further investigation.
